ABSTRACT . Let E be a bounded measurable subset of the real line. The finite Hubert transform is the operator HE defined on one of the spaces LP (E) (1 < p < ~) by %/C*) -(«flT1 JE f(t)(t -x)~x dt-, here, the singular integral is interpreted as a Cauchy principal value. The main result establishes that for H¡¡ to be Fredholm on LP{E), when p j= 2, it is necessary and sufficient that E be equal almost everywhere to a finite union of intervals. The sufficiency of this condition was established in 1960 by H. Widom.
Note that the branch of the argument is chosen such that 0 < arg z < 2ir, z ¥= 0. For each p > 1, the set Ap is a circular arc joining the points ± 1 and passing through -i cot(ir/p). If p, q are conjugate indices so that p~~x + q~l = 1, then Ap =~Aa. For each p > 1, the region bounded by Ap U A-(p~x + q~x = 1) wül be denoted by Rp. The set R has the description Rp = {XGC: 2tt/c7 <arg [(X + 1)/(X -1)] <2-a/p), p<2.
The results in the following theorem appear in Widom [8] .
Theorem, (a) ¿ei E be a bounded measurable subset of Rand let p> 1. The spectrum of the operator HE on LP(E) (p¥=2) is the closure of R .
(b) Assume E is a.e. the disjoint union of m bounded intervals. In case p < 2, each X in Rp is an eigenvalue ofHE of multiplicity m and the range of HE -XI is closed. Ifp>2 and X is in Rp, then the operator HE -XI is one to one and the range is of codimension m.
Actually, Widom does not include a proof of the fact that Rp is a subset of the spectrum of HE on LP(E) (for any bounded measurable subset of R); however, this remark was added in proof [8, p. 157] .
The book of Tricomi [7] contains many results on the finite Hubert transform when E = [0, 1]. Shamir [5] and more recently Juberg [4] obtained by other methods all of the results in the above theorem for the case E = [0,1]. There is a series of papers by Gohberg and Krupnik (see, e.g. [3] and the references cited) on singular integral operators acting on ¿p-spaces with weights and having piecewise continuous coefficients. Gohberg and Krupnik obtain the results in part (b) of the above theorem for the analogue of the Hubert transform acting on a union of smooth arcs in the complex plane.
The basic method used in this note to study singular integral equations is in Tricomi's book [7] . Simüar methods were explored for other singular integral equations with measurable coefficients in [1] . The main result, which is estabUshed in §2, shows that if F is bounded and not a finite union of intervals, then for p<2, each X G R is an eigenvalue of HE of infinite multiplicity.
1. Preliminaries. This section contains some basic facts about the Hubert transform and methods connected with singular integral equations which wül be used in the following section to establish the main result.
The duality between the spaces LP(E) and ¿'(¿0 when p~x + q~x = 1 is given by (f, g) = fE fgdt, /£ LP(E) and gGLq(E). \fp>l, then the reduced
Hubert transform HE on Lq(E) is the adjoint of HE on LP(E).
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The Hardy spaces of the upper half-plane are defined in the following manner: letp> 1, the Hardy space Hp consists of aU functions F analytic in the upper half-plane which satisfy sup j\F(x + iy)\pdx<oo. y>
The space H°° is the collection of bounded analytic functions in the upper halfplane. If F is in Hp (1 < p < °°), then F*(x) = lim^+o F(x + i» exists a.e. and belongs to LP(R). The basic result about Hardy spaces which is needed in the sequel is the foUowing: let F belong to Hp for some p > 1, then Re F* = i77(Im F+) (see, e.g., Titchmarsh [6] ).
The following lemma is an easy modification of a result which appears in Zygmund [10, p. 164].
Lemma 1. Let 6 be real valued essentially bounded with compact support. Suppose in some interval (a, ft) the function 6 can be written in the form 6 = u. + v + w, where u, v, w are real valued measurable functions such that (i) u is continuous on (a, ft), (ii) for some e > 0 and p > 1, lu(x)l < 7r/2p -e a.e. on (a, ft), and (iii) w is decreasing on (a, ft). Then exp \iH61 belongs to Lp(a', ft'), for any closed subinterval [a', ft'] of (a, b).
It is not true that every function F which is analytic in the upper halfplane for which F+(x) = hrn^,) F(x+ iy) exists a.e. and belongs to LP(R) is automatically in Hp. The next lemma shows that for special types of analytic functions this latter statement is true. A proof of the following lemma is in [1] . In the next section when E is not a finite union of intervals the above method wül be adapted to construct an infinite number of linearly independent Lp(E) solutions of HE<¡> = 0.
It wUl be necessary to know that the Hubert transform of the characteristic function of a bounded measurable set is unbounded. More precisely, suppose F is a bounded measurable subset of R and (a, b) is any interval which intersects both E and its complement Ec in a set of positive measure, then the function iH\E is not bounded (essentially) from above or below on (a, ft) n E or (a, ft) n Fc. This result follows easily from the results in Zygmund [9, p. 17].
2. The main result. Throughout this section it is assumed that F is a bounded measurable subset of R which is not equal a.e. to a finite union of intervals. Set m = ess inffeE t and let a, ft be fixed real numbers such that a < ft < m. Since E is not a finite union of intervals, it is easy to choose an infinite monotone sequence {Xn}~=0 such that both E and XIe intersect the intervals /" (n = 1, 2, . . . ) in a set of positive measure; where /" is defined to be (X"_,, X") if { Xw} increases and (X", X"_j) if {X"} decreases.
It wül be assumed for the present that p is a Ixed number, 1 <p < 2, and that X = ip where p is a fixed real number so that a = arg [(X + 1)/(X -1)] satisfies 2irq~x < a < 2irp~x. Writing out equation (5) for the functions {(0")+}Jl, one obtains that for a.e. xEE ._F , ca exp(iHen)(t) 1 (6) 
The next step is (for « fixed) to take the limit as / -» °°. It is clear that on E the sequence exp i[Hd"] converges uniformly to exp(iH6n), where
elsewhere.
The limiting behavior of the integral on the right side of equation (6) We * teten = *Vm2 + loa, « > 2.
Lemma 3. The functions {#"}"=2 defined by (8) are linearly independent in Lp(E).
Proof. Suppose 2^=2 a^fc = 0 on F with a^ gfe 0. Multiplying by exp(-iHBx) one obtains 2k-2ak<t>k = OonF, where
